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SPLITTING CRITERIA
FOR HOMOTOPY FUNCTORS OF SPECTRA

PHICHET CHAOHA

This paper is dedicated to the author’s beloved wife and daughter: Cherry and Cheese

Abstract. We explore the interaction between the Taylor tower and cotower,
as defined in deriving calculus with cotriples and dual calculus for functors
to spectra of functors of spectra. This leads to new splitting criteria which
generalize the results in dual calculus for functors to spectra.

1. Introduction

Calculus of homotopy functors was first developed by Thomas Goodwillie in the
late 1980’s (see [2], [3] and [4]). It was an attempt to approximate a homotopy
functor (of spaces or spectra) by the so-called Taylor tower of universally n-excisive
functors (see Figure 1). This theory was recently proved to be very useful in
studying many well-known homotopy functors such as the identity functor of spaces
(i.e., unstable homotopy theory) and K-theory.
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Figure 1. Goodwillie’s Taylor tower

Recently, in [5], Brenda Johnson and Randy McCarthy gave another construc-
tion (using the theory of cotriples) of the Taylor tower of functors from pointed
categories with finite coproducts to abelian categories. However, their tower in-
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Figure 2. McCarthy’s cotower

volves universally degree n functors instead of universally n-excisive functors, and
the construction can be readily carried on to the case where the target category is
the closed model category of spectra (with stably weak equivalences). The picture
of their tower looks exactly like the one defined by Goodwillie in [4].

An advantage of Johnson-McCarthy’s Taylor tower is that it is dualizable. There-
fore, in [6], Randy McCarthy constructs the so-called Taylor cotower (see Figure 2)
of functors from pointed categories with finite products to the category of spectra,
and he uses it to study the splitting phenomena of homotopy functors of spectra. It
turns out that, in the case of homotopy functors of spectra, the theories of Taylor
tower and cotower are equivalent if all Tate obstructions (i.e., Tate(⊥̃nF ; Σn) in
Definition 1.3 below) vanish. Therefore, it is natural to ask if there is a relationship
between the two theories through those obstructions. In this paper, we give a clear
answer to the problem by introducing a new construction (originally developed in
[1]) which relates PnF (respectively, PnF ) to Pn−1F (respectively, Pn−1F ) and
Tate obstructions. This construction leads to new splitting criteria which general-
ize the results in [6], and sheds some light on new obstructions for splitting of both
tower and cotower.

Throughout this paper, we will assume the reader to be familiar with notations,
constructions and properties of calculus and dual calculus developed in [5] and [6].
We will also denote the closed model category of spectra (with stably weak equiv-
alences) by Spec. All natural maps and commutative diagrams of functors to Spec
are actually taken in Spec upon an evaluation at a certain spectrum. Therefore, it
is immediate that

• (homotopy) fibration and (homotopy) cofibration sequences of functors are
equivalent.
• (homotopy) pullback and (homotopy) pushout squares of functors are equiv-

alent.
• (homotopy) cartesian and (homotopy) co-cartesian cubes of functors are

equivalent.
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There are many reasons for assuming the source category to be the category of
spectra instead of an arbitrary category with finite products and coproducts. Some
of them are (see [6] for details), for a homotopy functor F : Spec→ Spec,

• crnF ' crnF (equivariantly).
• F is degree n iff F is codegree n.

Before leaving this section, we need to define some new terms.

Definition 1.1. The homotopy functor F : Spec→ Spec is called

• k-homogeneous if PkF ' ∗.
• k-cohomogeneous if P kF ' ∗.

Remark 1.2. It is easy to show that

• if F is k-homogeneous, PiF ' ∗ for all i ≤ k.
• if F is k-cohomogeneous, P iF ' ∗ for all i ≤ k.

Therefore, (co)homogeneous degree n functors in the sense of Johnson-McCarthy
are exactly (n− 1)-(co)homogeneous degree n functors in our new definitions.

Definition 1.3. Let ∆ : Spec→ Spec×n be the diagonal functor, crn the nth-cross
effect, crn the nth-cocross effect, and t the Tate map (see [6] for details). For any
homotopy functor F : Spec→ Spec, we define

• ⊥̃nF := (D1)(n)crnF ◦∆.
• ⊥̂nF := (D1)(n)crnF ◦∆.
• Tate(⊥̃nF ; Σn) := hocofib

(
⊥̃nFhΣn

t→ ⊥̃nFhΣn
)

.

• Tate(⊥̂nF ; Σn) := hocofib
(
⊥̂nFhΣn

t→ ⊥̂nFhΣn
)

.

In terms of the above definition, it follows that DnF ' ⊥̃nFhΣn and DnF '
⊥̂nFhΣn . Moreover, we have the following theorem where the detailed proof can
be found in [5] and [6].

Theorem 1.4. For a homotopy functor F : Spec→ Spec, we have

(1) ⊥̃nFhΣn and ⊥̂nFhΣn are (n− 1)-homogeneous degree n.
(2) ⊥̃nFhΣn and ⊥̂nFhΣn are (n− 1)-cohomogeneous degree n.
(3) Tate(⊥̃nF ; Σn) and Tate(⊥̂nF ; Σn) are degree n− 1.

2. Main results

First note that, for a homotopy functor F : Spec→ Spec, the homotopy functor

F̃ := hofib(F → F (∗))

is clearly reduced (i.e. F̃ (∗) ' ∗) and we also have

F ' F̃ ∨ F (∗) ' F̃ × F (∗).

Hence, without loss of generality, we will consider only reduced homotopy functors
in this paper.

Let F and G be reduced homotopy functors of spectra.
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Definition 2.1. For 0 ≤ r ≤ n, we define

Pn,rF = hocofib
(
pn−rPnF : Pn−rPnF → PnF

)
,

Qn,rF = hocofib
(
qnF ◦ pn−rPnF : Pn−rPnF → Pn−1F

)
,

Pn,rF = hofib (pn−rPnF : PnF → Pn−rP
nF ) ,

Qn,rF = hofib
(
pn−rP

nF ◦ qnF : Pn−1F → Pn−rP
nF
)
.

Evidently, we obtain the following induced natural transformations:
• sn,rF : PnF → Pn,rF .
• tn,rF : Pn−1F → Qn,rF .
• qn,rF : Pn,rF → Qn,rF .
• sn,rF : Pn,rF → PnF .
• tn,rF : Qn,rF → Pn−1F .
• qn,rF : Qn,rF → Pn,rF .

Also, we let
• εn,rF = sn,rF ◦ pnF : F → Pn,rF .
• εn,rF = pnF ◦ sn,rF : Pn,rF → F .

All definitions above can be summarized in the following commutative diagrams:

F

Pn−rPnF PnF Pn,rF

Pn−rPnF Pn−1F Qn,rF

?
pnF

p p p p p p p p p p p p ps
εn,rF

-pn−rPnF

?
=

p p p p p p p p p p p-sn,rF

?
qnF

pppppppp?qn,rF
- p p p p p p p p p-

tn,rF

F

Pn,rF PnF Pn−rP
nF

Qn,rF Pn−1F Pn−rP
nF

p p p p p p p p p p-sn,rF
p p p p p p p p p
p p p p p3εn,rF

-pn−rP
nF

6
pnF

p p p p p p p p p-
tn,rF

pppppp
pp6

qn,rF

-

6
qnF

6
=

Remark 2.2. It is easy to verify that
• Pn,0F ' ∗ ' Pn,0F .
• Qn,0F ' ΣDnF .
• Qn,0F ' Σ−1DnF .
• hofib(qn,rF ) ' DnF .
• hocofib(qn,rF ) ' DnF .
• sn,nF : PnF

'→ Pn,nF .
• tn,nF : Pn−1F

'→ Qn,nF .
• sn,nF : Pn,nF '→ PnF .
• tn,nF : Qn,nF '→ Pn−1F .
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Lemma 2.3. For 0 ≤ r ≤ n, we have

(1) Pn,rF is (n− r)-cohomogeneous degree n.
(2) Pn,rF is (n− r)-homogeneous degree n.
(3) If r > 0, both Qn,rF and Qn,rF are degree n− 1.

Proof. We will only prove (1) and (3), and leave (2) as an exercise.
By applying the Pn−r to the cofibration sequence defining Pn,rF , i.e.,

Pn−rPnF → PnF → Pn,rF,

we obtain the cofibration sequence

Pn−rPn−rPnF
'→ Pn−rPnF → Pn−rPn,rF,

where the left map becomes an equivalence.
Hence, Pn−rPn,rF ' ∗; i.e., Pn,rF is (n− r)-cohomogeneous.
Since a cross effect always commutes with a cofibration sequence, by applying

crn+1 to the cofibration sequence defining Pn,rF , we obtain the cofibration sequence

crn+1P
n−rPnF → crn+1PnF → crn+1Pn,rF.

Since Pn−rPnF is degree n− r and PnF is degree n, it follows that

crn+1P
n−rPnF ' ∗ ' crn+1PnF

and hence crn+1Pn,rF ' ∗; i.e., Pn,rF is degree n.
For (3), suppose r > 0. By applying crn to the cofibration sequence defining

Qn,rF , we obtain the cofibration sequence

crnP
n−rPnF → crnPn−1F → crnQn,rF.

Now, since Pn−rPnF is degree n − r (≤ n − 1) and Pn−1F is degree n − 1, it
follows that

crnP
n−rPnF ' ∗ ' crnPn−1F

and hence crnQn,rF ' ∗; i.e., Qn,rF is degree n− 1.
Similarly, Qn,rF is also degree n− 1. �

Lemma 2.4. Suppose F and G are degree n, and η : F → G is a natural transfor-
mation.

(1) If F is (n− 1)-homogeneous and hocofib(η) is degree n− 1, then F ' DnG
and hocofib(η) ' Pn−1G.

(2) If G is (n− 1)-cohomogeneous and hofib(η) is degree n− 1, then G ' DnF
and hofib(η) ' Pn−1F .
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Proof. We will only prove (1), which is done by chasing the following commutative
diagram where each row and column are fibration sequences:

DnF DnG Dn hocofib(η) ' ∗

F ' PnF PnG Pn hocofib(η)

∗ ' Pn−1F Pn−1G Pn−1 hocofib(η) ' hocofib(η)

-Dnη

'

?

rnF '

-

?

rnG

?

rn(hocofib(η))

-Pnη

?

qnF

-

?

qnG

?

' qn(hocofib(η))

-Pn−1η -
'

�

Theorem 2.5. For 0 < r ≤ n, we have
(1) Qn,rF ' Pn−1Pn,rF .
(2) Qn,rF ' Pn−1Pn,rF .

Proof. By Remark 2.2, we have the cofibration sequence

DnF ' hofib(qn,rF )→ Pn,rF
qn,rF→ Qn,rF.

Note that DnF is generally known to be (n− 1)-homogeneous degree n.
Since Pn,rF is degree n and Qn,rF is degree n − 1 (by Lemma 2.3), it follows

from the previous lemma that Qn,rF ' Pn−1Pn,rF .
Similarly, it can be proved that Qn,rF ' Pn−1Pn,rF . �

Lemma 2.6. There is a commutative diagram

Pn,nF Pn,n−1F Pn,rF Pn,r−1F Pn,1F Pn,0F

Qn,nF Qn,n−1F Qn,rF Qn,r−1F Qn,1F Qn,0F

-un,nF

?
qn,nF

p p p p p p p-
?

qn,n−1F

-un,rF

?
qn,rF

p p p p p p p-
?
qn,r−1F

-un,1F

?
qn,1F

?
qn,0F

-
vn,nF

p p p p p p p- -
vn,rF
p p p p p p p- -

vn,1F

where each square is a homotopy pullback.

Proof. First note that each commutative square in the diagram above arises as the
homotopy cofiber of the left cube in Figure 3, where un,rF and vn,rF denote the
induced maps.

Since the left cube is clearly co-cartesian, the rightmost square is then a homo-
topy pushout (which is equivalent to a homotopy pullback). �
Lemma 2.7. There is a commutative diagram

Qn,0F Qn,1F Qn,r−1F Qn,rF Qn,n−1F Qn,nF

Pn,0F Pn,1F Pn,r−1F Pn,rF Pn,n−1F Pn,nF

-vn,1F

?
qn,0F

p p p p p p p-
?

qn,1F

-vn,rF

?
qn,r−1F

p p p p p p p-
?
qn,rF

-vn,nF

?
qn,n−1F

?
qn,nF

-
un,1F

p p p p p p p- -
un,rF
p p p p p p p- -

un,nF

where each square is a homotopy pullback.
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Pn−rPnF PnF Pn,rF

Pn−rPnF Pn−1F Qn,rF

Pn−(r−1)PnF PnF Pn,r−1F

Pn−(r−1)PnF Pn−1F Qn,r−1F

-pn−rPnF

HHHHHj
=

?

qn−r+1PnF

-sn,rF

HHHHHj

qnF
pppppppppppppppppppppppppppppp?

=

HHHHHj

qn,rF
ppppppppppppppppppppppppppppp?

un,rF

-qnF◦pn−rPnF

?

qn−r+1PnF

-tn,rF

?

=

?

vn,rF

-pn−r+1PnF

HHHHHj
=

-sn,r−1F

HHHHHj

qnF HHHHHj

qn,r−1F

-qnF◦pn−(r−1)PnF -tn,r−1F

Figure 3.

Proof. Dualize the proof in Lemma 2.6. �

Definition 2.8. We say that a functor F : Spec→ Spec n-splits at X ∈ C, where
n ≥ 1, if there exists a map α : PnF (X)→ DnF (X) such that the following square
is a homotopy pullback:

PnF (X) Pn−1F (X)

DnF (X) ∗.

-qnF (X)

?

α

?
-

Dually, we say that F n-co-splits at X ∈ Spec if there exists a map β : DnF (X)→
PnF (X) such that the following square is a homotopy pushout:

∗ Pn−1F (X)

DnF (X) PnF (X).

-

? ?
qnF (X)

-
β

Remark 2.9. Every reduced homotopy functor of spectra automatically 1-splits and
1-co-splits.

Theorem 2.10. Let X ∈ Spec.

(1) If Qn,rF (X) ' ∗ for some 0 ≤ r ≤ n, then F n-splits at X.
(2) If Qn,rF (X) ' ∗ for some 0 ≤ r ≤ n, then F n-co-splits at X.

Proof. We will only prove (1).
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If n = r, it is trivial. Otherwise, if Qn,rF (X) ' ∗, we obtain the following
homotopy pullback square from Lemma 2.6:

Pn,nF (X) Qn,nF (X)

Pn,rF (X) ∗.

-qn,nF (X)

?

un,r+1F◦···◦un,nF

?
-

qn,rF (X)

Since Pn,nF (X) ' PnF (X) and Qn,nF (X) ' Pn−1F (X), it follows that Pn,rF (X)
' DnF (X), and hence, F n-splits at X . �

Theorem 2.11. Let X ∈ Spec.
(1) If Pn,rF n-splits at X for some 0 ≤ r ≤ n, then so does F .
(2) If Pn,rF n-co-splits at X for some 0 ≤ r ≤ n, then so does F .

Proof. We will only prove (1). If n = r, it is trivial.
Otherwise, if Pn,rF n-splits at X , then, together with Lemma 2.6, we have the

following commutative diagram, for some α : Pn,rF (X)→ DnPn,rF (X):

Pn,nF (X) Qn,nF (X)

Pn,rF (X) Qn,rF (X)

DnPn,rF (X) ∗

-qn,nF (X)

?

un,r+1F◦···◦un,nF

?
-qn,rF (X)

?

α

?
-

where each square is a homotopy pullback. Also, we have Pn,nF (X) ' PnF (X)
and Qn,nF (X) ' Pn−1F (X). From Definition 2.1, it is easy to see that DnF '
DnPn,rF , and hence, the outer square implies that F n-splits. �

3. Applications

In this section, we will show that the splitting criteria in [6] are special cases
of Theorem 2.10 above. As before, we will let F : Spec → Spec be a reduced
homotopy functor.

Theorem 3.1. We have the following equivalences:

(1) Pn,1F ' DnPnF .
(2) DnPnF ' ⊥̃nFhΣn .

(3) Qn,1F ' Tate(⊥̃nF ; Σn).
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In particular, if Cn is the n-th derivative of the functor F , we have a homotopy
pullback square

PnF (X) Pn−1F (X)

(Cn ∧X∧n)hΣn Tate(Cn ∧X∧n; Σn).

-qnF (X)

? ?
-

Proof. For (1), consider the following commutative diagram where each row is a
cofibration sequence:

Pn−1PnF PnPnF DnPnF

Pn−1PnF PnF Pn,1F.

-qnPnF

?
=

?
' pnPnF

-

?
-

pn−1PnF

-
sn,1F

Since the left and the middle vertical maps are equivalences (and our target category
is Spec), so is the right one.

For (2), first note that we have DnPnF ' DnDnF from the following cofibration
sequence:

DnDnF
'→ DnPnF → DnPn−1F ' ∗.

Now, consider the cofibration sequence (induced by the Tate sequence)

Σ−1 Tate(⊥̃nF ; Σn)→ ⊥̃nFhΣn
t→ ⊥̃nFhΣn .

Since ⊥̃nFhΣn ' DnF is degree n and ⊥̃nFhΣn is (n− 1)-cohomogeneous degree n
and Σ−1 Tate(⊥̃nF ; Σn) is degree n−1, we have DnDnF ' ⊥̃nFhΣn by Lemma 2.4
(2).

For (3), it follows from Theorem 2.5 and (1) and (2) above that

Qn,1F ' Pn−1Pn,1F ' Pn−1(⊥̃nFhΣn).

Now, consider the Tate sequence

DnF ' ⊥̃nFhΣn
t→ ⊥̃nFhΣn → Tate(⊥̃nF ; Σn).

Since ⊥̃nFhΣn is (n − 1)-homogeneous degree n and ⊥̃nFhΣn is degree n and
Tate(⊥̃nF ; Σn) is degree n − 1, we have Pn−1(⊥̃nFhΣn) ' Tate(⊥̃nF ; Σn) by
Lemma 2.4 (1). �

Corollary 3.2. Let X ∈ Spec.
(1) If Tate(⊥̃nF (X); Σn) ' ∗, then F n-splits at X; i.e.,

PnF (X) ' Pn−1F (X)×DnF (X).

(2) If Tate(⊥̃iF (X); Σi) ' ∗ for i > n and the tower of F converges at X, then

F (X) ' PnF (X)×
∞∏

i=n+1

DiF (X).
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The theorem and corollary above can be dualized to get the similar results for
cotowers.

Theorem 3.3. We have the following equivalences:
(1) Pn,1F ' DnP

nF .
(2) DnP

nF ' ⊥̂nFhΣn .
(3) Qn,1F ' Σ−1 Tate(⊥̂nF ; Σn).

Corollary 3.4. Let X ∈ Spec.
(1) If Tate(⊥̂nF (X); Σn) ' ∗, then F n-co-splits at X; i.e.,

PnF (X) ' Pn−1F (X)×DnF (X).

(2) If Tate(⊥̂iF (X); Σi) ' ∗ for i > n and the cotower of F converges at X,
then

F (X) ' PnF (X)×
∞∏

i=n+1

DiF (X).
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